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We propose a new version of the hybrid inflation scenario that produces a significantly 'tilted' 
n > 1 spectrum of curvature perturbations. This may happen in supersymmetric models where the 
inflaton field acquires a mass proportional to the Hubble constant, and in the models where this field 
non-minimally couples to gravity. A large tilt of the spectrum in this scenario is often accompanied 
by a considerable contribution of tensor perturbations to the temperature anisotropies. We also 
show that under certain conditions the spectrum of density perturbations in this scenario may have 
a minimum on an intermediate length scale. 
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The inflationary paradigm M not only provides a so- 
lution to the classical problems of the hot big bang cos- 
mology, but also predicts an almost scale invariant spec- 
trum of curvature perturbations which could be responsi- 
ble for the observed anisotropy of the cosmic microwave 
background (CMB), as well as the origin of the large 
scale structure. Until recently, observations of the tem- 
perature fluctuations in the CMB provided just a few 
constraints on the parameters of inflationary models, 
mainly from the amplitude and the tilt of both scalar 
(density) and tensor (gravitational waves) perturbations 
spectrum. Nowadays, with several different experiments 
looking at different angular scales, we have much more 
information about both spectra as well as other cosmo- 
logical parameters like f^o, Hq, f^, etc. In the near fu- 
ture, most of these parameters will be known with better 
than a few percent accuracy, thanks to the new gener- 
ation of microwave anisotropy satellites, MAP pi and 
COBRAS/SAMBA M. It is therefore the responsibility 
of theoretical cosmologists to provide a variety of infla- 
tionary models with definite predictions, which could be 
compared with the observational data. 

In this paper, we consider a new model of hybrid infla- 
tion B with a large tilt for the spectral index of density 
perturbations. Models of hybrid inflation are known to 
provide a blue tilted spectrum of scalar perturbations, 
with negligible contribution of gravitational waves . 
However, in most of the hybrid inflation models devel- 
oped so far the tilt is extremely small; in order to achieve 
a considerable tilt of the spectrum in hybrid inflation one 
needs to fine tune the parameters of the model [0J^] . In 
what follows we will introduce a new class of hybrid in- 
flation models where a significant tilt can be achieved in 
a natural way. 

Such a tilted model could be a simple way of imple- 
menting an open inflation model J9|,[l0| together with a 
tilted spectrum, which is one of the preferred choices 
suggested by present observations of the CMB and large 



scale structure, see Ref. We will deal with such a 
possibility in a following publication Jl2]. 

The simplest realization of hybrid inflation in the con- 
text of the chaotic inflation scenario is provided by the 
potential 
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The bare masses m and M of the scalar fields <p and ip are 
"dressed" by their mutual interaction. At large values of 
the fields, their effective masses squared are both positive 
and the potential has the symmetry ip <-> —ip. At small 
values of the field 0, the potential has a maximum at <j> = 
ip = and a global minimum at <p = 0, ip = tpo = M/y/X, 
where the above symmetry is broken. 

Equations of motion for the homogeneous fields at the 
stage of their slow rolling during inflation are 



3H(j) = -(m z +g z ip ')</>, 
3Hi)j = (M 2 - g 2 p 2 - Xip 2 )ip 
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where the Hubble constant at that stage is given by H 2 = 
8irV/3Mp. Motion starts at large p>, where the effective 
mass squared of the ip field is positive and the field is 
sitting at the minimum of the potential at ip = 0. As 
the field <p decreases, its quantum fluctuations produce 
an almost scale invariant but slightly tilted spectrum of 
density perturbations j§-|8]]. 

During the slow-roll of the field <p, the effective mass of 
the triggering field is to 2 = g 2 <p 2 — M 2 . When the field 
p acquires the critical value p c = M/g, fluctuations of 
the massless ip field trigger the symmetry breaking phase 
transition that ends inflation. If the bare mass M of the 
a field is large compared with the rate of expansion H 
of the universe, the transition will be instantaneous and 
inflation will end abruptly (J] . If on the contrary the bare 
mass M is of the order of H, then the transition will be 
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very slow and there is the possibility of having yet a few 
more e- folds of inflation after the phase transition ^.[bi} . 

At V = the inflaton potential is V(<f>) = M 4 /4A + 
m 2 </> 2 /2. Since the scalar field <f> takes relatively small 
values, for m 2 <C g 2 M 2 /X the energy density is domi- 
nated by the vacuum energy, 
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to very good accuracy. It is then possible to integrate 
the evolution equation for <p, 



(j){N) = 4> c exp(riV) 
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where N = H (t e — t) is the number of e-folds to the end 
of inflation at cf> — (f> c , and we have used the approxima- 
tion m < Hq. 

An important feature of the perturbation spectrum of 
the hybrid inflation model is its growth at large k; for 
example, at the end of inflation in this theory one has 
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which corresponds to a spectral index 
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One should note that even though the spectral index n 
in this model is greater than one, for typical values of the 
parameters, n = 1 with great accuracy. For example, one 
may consider the numerical values of parameters for the 
version of the hybrid inflation model discussed in Ref. j| : 
g 2 ~ A ~ 10 _1 , m ~ 10 2 GeV (electroweak scale), M ~ 
10 11 GeV. In this case n - 1 = O(10~ 4 ). Thus it is 
not very easy to use hybrid inflation in order to obtain a 
blue spectrum without fine-tuning. One could even argue 
that hybrid inflation has a very stable prediction that 
the spectrum must be almost exactly flat; see, however, 
Ref. 0. 

This conclusion would be somewhat premature. In- 
deed, one can follow the lines of Ref. [[15| and consider 
models where the field <fi during inflation acquires an ef- 
fective mass squared 
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with a = 0(1). This is a very natural assumption which 
is true in a large class of supersymmetric models p6|,p[. 
For example, effective potentials of the scalar fields in 
supergravity usually grow as an exponent of the square 
of the scalar field. A simplest potential of such type (for 
■0 = 0, i.e. during the stage of inflation in our scenario) 
is given by 



V{4>) = V exp ( 
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where Vo — M 4 /4A is the vacuum energy, and we are 
assuming Airacj) 2 /i <§; M|. The effective mass of <j) be- 
comes 



aH 2 



(11) 



The field evolves according to Eq. (^) with r ~ a/3, and 
4> 2 + m 2 4> 2 <C Vq is satisfied during inflation. 

The same conclusion is also true for the models where 
the field 4> has a non-minimal coupling with gravity 
described by the additional term —^R(f> 2 /2 in the La- 
grangian. During hybrid inflation R = 12Hq, and the 
field 4> acquires an effective mass @ with a — 12£. 
In such models one should consider those parts of the 
universe where cj> -C Mp/*/a, because at much larger 
values of cf> the effective gravitational constant G _1 = 
A/p/167r — £0 2 /2 becomes singular. For <§C M?l^[a 
the Hubble constant can be approximated by Eq. (j|). 

A generalization of Eq. ^ for this case in the regime 
aH 2 ^> m 2 is 
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Here <j> is the value of the scalar field at the moment 
when the perturbations are produced which at the end 
of inflation have momentum k. These perturbations have 
spectral index n — 1 ~ 2a/3 > for a < 1. We call such 
models tilted hybrid inflation: they provide a spectrum 
of density perturbations with a positive tilt which may 
be large, and which may not require any fine tuning of 
parameters. 

For most applications it is not very important which 
particular mechanism gives the inflaton mass the con- 
tribution proportional to aH 2 ] one may simply assume 
that for whatever reason the effective mass of the inflaton 



field is given by m 2 s 



aH 



2 and that aH 2 3> m 2 



at the last stages of inflation. For definiteness, we will 



concentrate on the model of Eq. (10). In this model, the 
condition for inflation to occur, — H <C H 2 , is 
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As a consequence, the number of e-folds, see Eq. M), 
N = (3/a) ln(<^/(/) c ), has a maximum value 

»<«- 4 (14) 

For this model, the slow-roll parameters are || 
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which gives a spectrum of curvature perturbations 
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where 4> is the value of the scalar field at the moment 
when those perturbations which have momentum k at 
the end of inflation were produced. This spectrum has a 
tilt 
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Note that the spectrum has a minimum at 
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where the tilt is n = 1 and the spectrum is locally scale 
invariant. Later one, it will acquire the asymptotic value 
n = l + 2a/3. This is an interesting feature of our model. 

In order to find observational constraints on the pa- 
rameters of this model one should consider temperature 
anisotropies of the microwave background produced by 
the scalar (density) and tensor (gravity wave) perturba- 
tions. Quantum fluctuations of the inflaton field <f> pro- 
duce long- wavelength curvature perturbations. We will 
use 1Z to denote the curvature perturbation on comoving 
hypersurfaces. In order to compare with observations we 
have to compute the effect that such a perturbation has 
on the temperature anisotropies of the CMB (expanded 
in spherical harmonics), 
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The main effect on larg e scales comes from the ordinary 
Sachs- Wolfe effect |l7| . The angular power spectrum, 
Ci = (|a; m | 2 ), can be computed from the spectrum of 
scalar perturbations, V-ji(k), as 



Ci = 2^ 



dk 
k 
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where the 'window function' 1^ indicates how a given 
scale k contributes to the l-th multipole of the power 
spectrum and it can be expressed, for a flat universe, in 
terms of spherical Bessel functions || . In our model, the 
spectrum of the scalar perturbations (evaluated at the 
end of inflation) is given by Eq. (|l7|). For an arbitrary 
tilt of the spectrum, n ^= 1, the power spectrum behaves 
as 



Ci — Ci 
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Note that for a nearly scale invariant spectrum, n ~ 1, 
we recover the familiar result 



2tt 

1(1 + 1) Ci ~ — Vn ~ constant . 
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Observations of the first few multipoles of the an- 
gular power spectrum by COBE Jl8| already constrain 
1(1 + 1) Cj ~ 8 x 10~ 10 on large scales. This imposes a 
constraint on the parameters of the model, 
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where N = ln(Ho/k) is the number of e-folds from the 
end of inflation when the scale k crossed outside the hori- 
zon, and 4>n — (M/g) exp(aiV/3) is the value of the 
scalar field at that time. The observations made by 
COBE also constrain the tilt of the spectrum on large 
scales, n — 1.2 ± 0.3 at the 2a level Jig] . In our model, 
the tilt is n = 1 + 2a/3. For example, for a = 0.25 one 
has n ~ 1.2. The number of e-folds associated with scales 
corresponding to our present horizon depends only loga- 
rithmically on quantities like the reheating temperature, 
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For N ~ 55, and values of the couplings g 2 ~ A ~ 0.1, 
we have 



M ~ 2 x 10- d M P ~2x 10 ib GeV , 

which is the GUT scale. If the scalar field 
mass to, it should be smaller than 



10" 5 M P . 



(26) 
has a bare 
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As long as to is smaller than y^i/o, nothing depends 
on this parameter, so we do not need to fine-tune to in 
order to obtain adiabatic scalar perturbations with a blue 
spectrum. Since H$ <C M, hybrid inflation will end with 
a sudden transition to the symmetry breaking phase of 
the triggering field, without a second stage of inflation 
like the one discussed in Refs. fl^ , [l4T| . 

Depending on the parameters of the theory and the 
efficiency of reheating, the minimum of the spectrum of 
curvature perturbations ( p^ ) for a ~ 0.25 could lie on 
scales comparable to the scale of our present horizon. If 
the minimum corresponds to the horizon scale, the spec- 
trum on this scale will be practically flat. For the pa- 
rameters used above, a — 0.25 and g 2 ~ A ~ 0.1, we find 
iV m i n = iV(0 m i n ) ~ 60, which is similar to the number 
of e-folds corresponding to the scale of the horizon. In 
this case, the scalar spectrum is nearly scale invariant, 
n = 1, see Eq. (18), on those scales, but soon rises to an 
asymptotic value n ~ 1.2 on smaller scales. On the other 
hand, for a > 0.25 one may obtain a spectrum with a 
minimum at some intermediate scale. This would lead to 
an increase of density perturbations on the horizon scale 
with respect to its amplitude in the minimum. However, 
this could occur only for some particular choice of the 
parameters. 

Note that in our model inflation is naturally very short. 
For example, in the theories with the potential (10) infla- 
tion occurs only for cj> < (f)- m f, which gives N < N max ~ 75 
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for g z = 0.1 and a = 0.25, see Eq. ([141). Meanwhile for 
a ~ 0.3 one has N max ~ 60. It makes this model very in- 
teresting from the point of view of open inflation, where 
excessive inflation is undesirable [fl2"| , but simultaneously 
implies that n ~ 1.2 — 1.3 is about the lar gest spectral 
index that can be obtained in our scenario p9| . On the 
other hand, observations of large scale structure do not 
allow a much larger tilt |20|, while constraints from pri- 
mordial black hole production ^lj give a similar bound. 

This model also has tensor or gravitational wave per- 
turbations which could in principle distort the CMB. The 
amplitude of the tensor perturbations spectrum is given 
by " 
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Let us define the ratio of tensor to scalar components of 
temperature anisotropies as B 



R : 
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At present there is no observational evidence of any ten- 
sor component in the CMB anisotropies; the observed 
power spectrum on large scales is perfectly compatible 
with a scalar component and no tensors. In the fu- 
ture, the new generation of satellites will be able to sep- 
arate the two components if the ratio is large enough 
(R > 0.15), see Ref. [§]. The condition R < 1 together 
with Eq. ( p4| ) gives 
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For a<0.2, A^.g 2 ~0.1 this condition is satisfied. For 
greater values of a parameters, one could have a signifi- 
cant contribution of tensor perturbations to the temper- 
ature anisotropies. For example, for <p = 4> m { n at horizon 
scales we have R = 4a/3, and the constraint on the scalar 
amplitude (|24|) is then more stringent by a factor (1 + i?.). 
However, this practically does not change the values of 
the parameters of our model for a — 0.25, A ~ g 2 ~ 0.1. 

In conclusion, we have found a model of hybrid infla- 
tion which provides, in a natural way, a positive tilted 
spectrum with the correct amount of scalar and tensor 
perturbations to be in agreement with large scale obser- 
vations of the CMB anisotropies. 
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